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ABSTRACT 


it is shown that for a free spiniess particle described by the 
Kemmer equation, the Hamiltonian which Kemmer originally presented 
ylelds a velocity operator whose expectation value does not agree with 
the correspondence principle. Hamiltonians for a free spinless particle 
and a spinless particle in an electromagnetic field are constructed 
from the Kemmer equation. These Hamiltonians differ from the ones 
originally presented by Kemmer. The free particle Hamiltonian yields 
a velocity operator whose expectation value is consistent with the 


correspondence principle. 
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SYMBOLS AND NOTATION 


Greek indices run from 0 to 3, Latin indices run from | to 3. 


Repeated upper and lower indices are summed over. The metric tensor 


ghV is given by g2? = -g!! = -g2? = a = 1, and all other components 


are zero. 
Cc =f = | 


x4 = Me al oe x3) 


ie 


(t, Ky Ys z) = (t, x) 


Ky = a Ky» XO» x3) (t, "Xs “Ys ~z) = (t, =x) 


0, = 


ee 
ene 
ye 3 
W (x) = Y (t, xX, Y, Zz) = wave function 
Ps (P.. Pe P.) = momentum operator in Hilbert space 


Po = p? = energy operator in Hilbert space 


megs Pe energy-momentum operator 


Ip) = State vector in Hilbert space 


7 
by = Hermitian conjugate of Wy 


iv 





Section 
). 


2. 


o Oo nN WO WH ££ 


TABLE OF CONTENTS 


Title 
Introduction 
Free Particle Kemmer Equation 


Hamiltonian Form of the Free Particle Kemmer 
Equation 


The Velocity Operator 

The Total Angular Momentum 

Particle in an Electromagnetic Field 
Spherically Symmetric Electromagnetic Field 
Summary 


Bib] iography 


Page 


14 
18 
2) 
27 
3) 
$2 





1. Introduction. 


When Kemmer originally introduced his meson wave equation, he 
also derived the Hamiltonians for a free particle and a particle in 
an electromagnetic field. [1] For the case of a spinless particle, 
i.e., when the wave-function has five components, we show that the 
expectation value of the velocity operator obtained by using Kemmer's 
free particle Hamiltonian is not consistent with the correspondence 
principle. Another difficulty with Kemmer's Hamiltonians is that 
although the free particle Hamiltonian is Hermitian, the Hamiltonian 
for a particle in an electromagnetic field is not. The usual requirement 
on the Hamiltonian (or any observable) in quantum mechanics is that it 
be Hermitian. By requiring observables to be what we call ''neo-Hermitian'', 
we construct new Hamiltonians which differ from Kemmer's. Our free 
particle Hamiltonian yields a velocity operator whose expectation value 


agrees with the correspondence principle. 





2. Free Particle Kemmer Equation. 
The Kemmer equation for a free particle of mass m is 
fed, tae P(x) = O (1) 
where the 3" satisfy the relation, 
("RB B™ + B° BB" = B%9?>+ Bra (2) 


4A 
For a spinless particle the (Ss are 5 X 5 matrices. We shall use the 


Af 
following (non-unique) representation of the : 
-_| 


5 O 
O | O 
(2? = a fe = oO 
oO 
-l 0000 O0-] COO 
(3) 
Oo © 
2 oO oO 3 oO oO 
fee C= O 
6) 
| O o-loo 000 -/0 


Hence | is a five-component column symbol. When the representation 
(3) ts inserted into (1), it is easily seen that W(x) consists of a 
scalar, which satisfies the Klein-Gordon equation, and its four-gradient. 


It can be shown that 
In (4 B"¥) = 
where 
G = wt(ae-}) 
Therefore the conserved four-vector current A is given by 


Yay 





In particular, the probability density i is 


J°= VR°ys= v' By 


since VB = yr (Cyeee- 1) B° 
= 97 (23°->) 
ty 27 oeee) 
= Wt 730 
The spin operator for the Kemmer equation is given by 
Sc3S rR) (cy cyclic) 
K : La ie | tyJrK (4) 
where $,= 3, ; <2 25, ; Ss, = ae 


it will be convenient for the discussion which follows to rewrite 


(1) tn terms of operators and state vectors in a Hilbert space. 


Then in the Heisenberg picture, 


yix) = &)¥S 
i, Gv) = &@) Ble 


where the ket vector |V\is the state vector in Hilbert space, and 
it can be written |%> 
14> 
Wr = [14> 
Hee 
| %y> 


sO that |) dis actually a column symbol composed of five vectors in 


and 


Hilbert space. 


The components of the four-momentum operator P,, are given by 


P.=(2.,2,.2 p)=(-8,-2,-2)-(,-2) 


ae =(P° P’ p> p?) = (RR P, P, ) i P., 2) 


and 





where P, is the Hermitian energy operator Im Hilbert space, and P,, 
Py, and P, are the Hermitian operators for the momentum in Hilbert 
Space. 


Thus we can write 
(P,6" +m)IV> = 0 6 


as the Kemmer equation in Hilbert space, and (1) is just the x-represen- 


tation of (5). 
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3. Hamiltonian Form of the Free Particle Kemmer Equation. 


The Hamiltonian form of (5) may be obtained as follows. 


Multiply (5) on the left by IV oY re 

(By By, B7B8" +m P, B7B")IY> = O (6) 
This can be rewritten as 

(2, B, B%B°R™ +m P, B7B")1Y> = 0 7) 
Now add (6) and (7) to obtain 

| Py P,, (B° 8%" +B"B°B®) +m P. ax" \I9> = 0 
= | B. P, (A79°'™+ B%g"") + 2m P, s“B"|I~S = 0 
© (YP B74 PPP, 6% +m PBB) = o 


This can be written as 


(P°P, B“ +m B, BAB") |YS = 


By (5), 
FL AY =-m|¥> 
(- p+ P 6%B") |v = 0 


P’}e) = £678") > 


P*}~> = Jeg EOS lw 
(P, 3°* + P68) |) 


i 


© 
+ 
a | 
Ry 
C 
as. 
aS 
Oo 
eg 
{ 


PBB?||Y) =o (8) 





Multiply (5) on the left by Gto obtain 


(Pp+ PB! tm (S*)1V> = 0 (9) 


ye 
The (e term in (8) may now be eliminated by adding (8) and (9). 


The result is 


(P. + Fee ee Bye +m/3°) WS =o (10) 


P.|¥> = (B [6,6] ~ 8°) |¥> (1) 


Let the quantity H' be defined by the equation 


H' = B [66°] - ms ve 
Eq. (11) can now be written 


P,IY> = H'I%) (13) 


At this point we are tempted to call H' the Hamiltonian for a free - 
particle obeying the Kemmer equation. Indeed, Kemmer in his original 
paper took H' to be the Hamiltonian. The form (13) seems to imply this. 
We shal! examine this more closely later. 

Note that (13) is not equivalent to the original equation (5) 
because in the steps to obtain (13) we have multiplied by the singular 
matrix (S% and byne (SUS - these steps are irreversible since oa 
has no Inverse. 

The part of the Kenmer equation which was "lost'' in obtaining (13) 
can be obtained in the following manner: Multiply (10)o0n the left by (se 


to obtain 


(B.A + BAB tm 6") >= ay 
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where we have used BB 6° = OC which comes from (2). Now the Kemmer 


equation can be written as (P, ae + P. @ +m) }y > =O (15) 


To find the ''lost'' part, we subtract (14) from (15) and obtain 
J a 7&3 >” 

(PB - BAS -m6 +m) |~> =O (16) 
Thus, (16) and (13) are together equivalent to the Kemmer equation. 
Note that (16) does not contain P, » so In the x-representation no time 
derivatives appear. Hence (16) may be taken as an initial or subsidiary 
condition. 

Eq. (16) can be written in terms of H' as follows: 
By (2) 
g ' Y ya : 

pps = - +e 
so (16) becomes 

: é 2 ‘ 2 

[Ba 2 CAB +A) - mB" +e] IWS = 0 

or I faor_ 0 4 ) _ (17) 

( P, BiB -rn (3? +m) IY = O 
Since (38° = 0 , (17) can be written 

t > é > 
(Py BIB B, B75? m3? +m)|Y> = 0 


(2 [852* |-n 2)? + rm ]l¥> =o — 
The quantity in parentheses is H', so (18) becomes 
(H'B° +m)IY> = O (19) 


Thus, the subsidiary condition (19) together with (13) Is equivalent 


to the Kemmer equation. 





Because of (19) we can write 


P.1y> = [Hl + A(Hia° +m) |1Y> 


(20) 
where A can be any arbitrary matrix operator. 
The problem now is to find an A such that the operator on the 


right side of (20) can properly be called the Hamiltonian. With this 
in mind, let us now consider the properties which any dynamical variable 
must have. 


From the form of the probability density j°, we are led to take the 
expectation value of an observable & to be 


T 20 = 
sige Milt 
J YTB? U otk 





in the x-representation. Thus, in Hilbert space the equation, 


Zp] a°%x | > 
x > = 
; Ly) 6°] > 


gives the expectation value of the observable & in the state )y \ 


The requirement that the expectation value be real yields 
yen lp> = Wiaalyy" 
Ly](ere)"] 4d 

Ly) ate |” 


where we have used the fact that 72° is Hermitian. 


il 


This suggests that a requirement on an observable is that it must 
Obey the relation, 


(22a = (3°2)" 


_ xt 3° 


(21) 
Hereafter we will call an operator o& obeying (21) a ''neo-Hermitian'' 
operator. 





In addition to having a real expectation value, a neo-Hermitian 
operator has real eigenvalues. This can be shown as follows: Suppose 


o is neo-Hermitian and its eigenvalue equation is 


x }a> =ala> 


where Q is the eigenvalue corresponding to a) . Then, 


la|S°ala> = a Za] R°la> (22) 


Since (3°"= ° , the quantity LG Bla) is real. Likewise, since & 
is neo-Hermitian, the left side of (22) is real. Therefore, the eigen- 
value q must be real. 

Thus, a neo-Hermitian operator satisfies the usual necessary 
conditions on an observable, i.e., its expectation value is real, and 
its eigenvalues are real. 

If (21) is written out explicitly in matrix form in the repre- 
sentation (3), it can be seen that a neo-Hermitian matrix must have the 


form, 
Xen FF O Ay 


| “yo Oo oO O ae 


where cand Nie are real (or Hermitian if they are Hilbert oper- 


oY 


ators). The dots denote arbitrary matrix elements which are undetermined 
by (21). 

Thus, we see that when working with the Kemmer equation, we are led 
to require that dynamical variables be represented by neo-Hermi tian 
Operators as opposed to the usual case where dynamical variables are 
taken to be Hermitian. Note that since P is a Hermitian operator in 


M 


Hilbert space, it commutes with a » and so Py is also neo-Hermitian 


in the 5 X 5 space. 





If we write out H' as a matrix, we obtain 


O a oo A =18 ow 
e 


We see that H' Is Hermitian In the usual sense, but it Is not 
/ / 
neo-Hermitian because the elements H,, He ; Pies are non-zero. 
It Is possible to make the operator on the right side of (20) neo- 
Hermitian by the proper choice of the matrix A, i.e., we require that 


W = H!' + A(H'6° +m) 


be neo-Hermitian if it is to be the Hamiltonian. If we use the condition, 


ey = (4*H)" 


(23) 
and write this out explicitly In the 5 X 5 matrices, it Is easy to 
show that A must be of the form, 

Yi LL Be z 
A aa ry m= ; . (24) 


where the dots represent arbitrary matrix elements which are not deter- 
mined by (23). Let us set these arbitrary elements equal to zero. If 


this is done, then A can be expressed In terms of the (Su matrices as 


fol lows: 


= + P. 6° 
AS om © (25) 


10 





The equivalence of (24) and (25) is easily seen when It Is noted that 


o/O0d00 OO |-O7o0 
/ S (SA Se S 
o = | © — 10 
oO Oo 
oa0o! oO 
2 ro) 
o = oO 
(3° ao 
© 


Thus, we shall take as the free particle Hamiltonian, 
it | Pp B02) [YW lRe ) 
He Hl + BG! (Wise +m 
which can be rewritten as follows: 
; , r3 
H =H! +t Bess (B, [6/6] 6°-m 2" +) 
Now 83'(3° =o » SO 
= pig t | RORIR2b 2 RoR 
H= H+ dt LL BBB‘B + FAS 
’ eZ . ‘ 
From (2) /S*/3° = -/303¢ +/3° » so 
4 ; ‘ 

H=H' + BE Cap + ee (SIS (26) 

When the expression for H' is inserted, 
r) J 
H= BR B°+5 BRAC -mR° (27) 
To write out H in its matrix form, we can make use of the relation, 
oO 
3°R°R =O ( MYT all different) 

which Is satisfied for our particular representation (3). Thus, for 
the representation (3), Sas ey =e) ('#j) 


can be used In (27). 
V1 





In matrix form, 
eme 40! <6 + aa) 
-P, 
H = |-f O 
-P, 
wm” 


(28) 


where ep egal = Pi +P +P SES IE 


Thus, the Hamiltonian form of the Kemmer equation Is 


P|) = Hiv» (29) 


where H Is given by (27). The Hamiltonian form (29) and the subsidiary 
condition (19) are together equivalent to the Kemmer equation. 


When the subsidiary condition is written In matrix form, it 


becomes 
SOmwo 6. Oo Ip> 
Om o 0 F 1% > 
Oo oO ™ Oo igs 1%> = OC (30) 
O Oo Oo m fF, it > 
® © 0 2 6 [4 > 


From (30) we see that the subsidiary condition can be expressed by 


the equation, 


I%> =-+ B14 ('=/2,3) (31) 


When (29), the Hamiltonian form, is written out as a matrix, the 


bottom row yields the relation, 


*%>=+ B14 (32) 


Eq. (29) also yields the relation, 


-P:1%> = Bh (d= 1,23) 





which is consistent with (31) and (32). The top row of (29) gives 


L (Prim) |%> = P)%> 


which together with (32) yields the Klefn-Gordon equation, 
( P*+m*) 14% = R*|%> 


In the x-representation the eigenvalue equation for the Hamil- 


tonian leads to solutions of the form 


-t Peo, 


Wx) = ul(ple 


for states which are simultaneously eigenstates of the energy and 


momentum. The eigenvalues and eigenvectors of H are 


we 
_ + , arte ale aie ; 
ee ee (2) femme ‘ty u,'6 U, =; + / 
- P2 
rm 


ee u 
where & = | Po tm* 


and 
O 0 ° 
$ ! o S 
E=0 % U =|0 Oa U. = O 
Oo O / 
W778" Uj, =O : p P 


Since the 4, also satisfy the subsidiary condition, they are 
solutions of the Kemmer equation. The U. are not solutions to the 


Kemmer equation. 


13 





4. The Velocity Operator. 


We have shown that the quantity H' should not be taken as the 
Hamiltonian since it is not neo-Hermitian. As a further demonstration 
that it should not be taken as the Hamiltonian, we shall show that the 
expectation value of the velocity operator x=(X, a ¥3) = Cor 2) 
when calculated by using H' as the free particle Hamiltonian, is not 
the correct value. 

if H' were the Hamiltonian, we would have 

ewe N | 
= -6 fx P.[A* 3°] Le | 
= °) 
= -<[X*, B Lese'] | 
since X* is a Hilbert operator and commutes with the [i : 
ys BLM Taael-e [xk PICA) 
= -6 [x*, Bh) Lees) 
Now [XX Pe =e a » $o 
y* 2/626") 

We shall calculate the expectation value of x tin a state 
which is a simultaneous eigenstate of P, and P. Then Eqs. (31) and 
(32) yield 


- x Pe lW> C253) 


> = - 2, Ble > 


and 


ELE 
l4> = > fie? + EIM> 
where Py is the eigenvalue of F., and E is the energy of the particle 


in the state ly» . We have previously shown that E = = | p+ my 


for solutions of the free particle Kemmer equation. 





Thus, /X¥*> _ YI B16, B*\I%> 
Lo] B°1¥> 
_ YI GX 14> 
LY) °1> 


Now in our representation of the /S 


LY) a 2k)¥> = - ly | tk » 


= a px 41 % > 


and Lb) Belw> = - Gal > - Gl? 
= ~= E Ly }% > 
xype Pe e ZL, 


Now the k=-component of the classical velocity for a free particle 
is P*/e , so (33) is not consistent with the correspondence principle 


Hence we conclude that H' can not be taken to be the Hamiltonian 


the correct results: 
Yaar Ror H | 
=e Les Paige +t Hp a BBR -paR* ] 
rs: PAB? - & [x* PB | is 
Sa Se ees 
“B°(8°- = B IX BBB! 


-£ DSR P B43 
-3°8°-5, P, BARAK - + PBK BS 


if we calculate Cy > by using H as the Hamiltonian, we obtain 


it 


\\ 





Now In our representation, 
BBR 20 &#)) 
~* = Me ole += PXB°B* a 

LES = _WIB? XK1 4 
Ly) A°lY> 

=2 x War x* 14) 

he 
LY | 6°14) 


In our representation (3) 


O oO C6 oO / 
Ke 7 
(2° (2 = O (k=1,2,3) 
O oe) 
oO 
and so 
oO 
e) 
Be Bk* = O O 
O 
Ooo o-l 
therefore 


“base ly> = - &l*) 


-2 Pp 241K 
--€ C4, | Wy > 
s 


which is the correct value. 


We now have 


Cae 


(| 


It can easily be shown that the velocity operator given by (34) 


is neo-Hermi tian: 


prxk «2 Prat 
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+ 
In our representation 3° = (8° » and ies = ~/3% ; 
2 of 
(3° xx)" ~ = PX AR 


Thus, 


2 2 pt (-pB*~°)R° 


—_ 


ye FI 


pt (- a°*°-") 

pr [-2(-2%3*-3*) - 3" | 
a oe 

= f° y* | 


is neo-Hermi tian. 


—! 


3 Is Paty 


and so yX 





5. 


The Total Angular Momentum. 


The z-component of the total angular momentum for a particle obeying 
the Kemmer equation is given by 


J2= ee + So 
’ (35) 
= X'P*- pai [ei *] 
where we have used (4) as the spin operator. 


For a free particle, the 
total angular momentum must be a constant of the motion. 


This can be 
verified as follows: 
Ja=aee LS. ,H\ 
ou [ (KEM x Pee [8,87] , (BBB 
-mBe+t PBB B8) | 
To evaluate this commutator, consider the following: 
[x'ek Baia] = [x PX, Pave 
Ix’, P,) PX‘? 
= 3° joes 
a5 P* B4B° 


(36) 


sf 


SO we See that 


[x'P*, PAB?) i Sit (37) 
and 
TxeP! PAB] = -i PBA o 
Now ; ' 
[xtpe PBB! | 
= 4, PRE x4 Beata 
+ >, P* [x4 P| P. 6%"! 
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' + af 4 j 
= -& PY RAB - & PKR LAS 
2 
= pra K pt Aor 
= 26 PX Ptaa 
where we have used (°° 420 (c'+}) which holds in our represen- 


tation of the Se . Thus 


[x Pt, 4 B Beenie! |= 22 P'Pia" 09 
and 
[xre', + B asiat |= 2 pipet i 


aso, [18,8], BAG] 
= B (T's?) ais_3'3* 13! 3*)) 
P: [a's*813°- 3° ‘A430 ~ 342973! 3? + 38° 3 ‘) 
PBIB? - Pars 
P, ! (-B°R*- 3°) - BB*(-8%'-°) 
=-P, 36° +P 6*° x 


I [4a], 63 =O (42) 
and . _ 
[tose], Berets] =P: &[Le.0"], a2 '0!] 
~ BR (ariaaiel-a%s'2084° 
- BBB 23 +878 B5878') 

= PP -H-ABBAB*+3°34342%3') 
= PPRBR*- BFA 
—-O (43) 





To obtain (41), (42), and (43) we have used (5 (2 fn =O for 4,47 
all different, which holds in our representation of the /S“ 
When we put in expressions (37) - (43) into (36) , we obtain 
5, - Pisa Pa'a* + eee 
2 02° P) 0 

pase” ined )* 2* 

= 2 P'P'(A°' - 3° se) (4) 
Now in our representation of the (3" 

OVO OS 


z 2 a* 
of)* = B98 = BS? = 
iat O 


cc o00 ~ 


so (44) becomes 


as required. 
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6. Particle in an Electromagnetic Field. 


For a particle in an electromagnectic field we make the replace- 


ment p— 2 -eA, =p 


MoM 


Where Ay is the operator for the electromagnetic four-potential. 


Eq. (5) now becomes 


(R, 3% +m )1Y> =0 (45) 


Note that the Ce do not commute. 
To derive the Hamiltonian for the particle in an electromagnetic 
field, we proceed in a manner similar to the free particle case. 


Multiply (45) on the left by (VES to obtain 

(RE ABB" +m 2 B8)I¥> 
Eq. (46) can be written as 

(P, BAM” +m BBR) IY) 
Add (46) and (47) to obtain 
(BR, BB" + Om 02 (33 3" + rm 2 B87) IWy =O 
which can be written 

[BP (BB+ EBB") + 2m BA*BT 

+ [RB )a“s7" |l~> = O 
| & (3 97" B%g"T ) yeni (ae 


+12, Blew ||l¥> = © 
(2 P44 PTR, B%+2m BBYAT (48) 
+[2,84)6%37")19> 


O (46) 


\" 
QO 


(47) 
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The first term In (48) can be written as 
BPE? = LA, er |R°+P° RRB” 
Thus (48) becomes , 
(2PTR, 64 42m BBB +1B,e7\A 
+[B,B\B"B78")IY> =O (49) 
in the first term of (49) we can put in -~m for (8 ye. 


(49) can be written 
PTl¥>= (ABB + HLH, PT] 
in 1a, Ben yiv) 
= (RAB +3, Le; | A? 94 
+ 3m [fr & ]Ora" Ss") |¥) 


= [R.0%S+#, 18, 8] (o18%"48"g"* 19> 
For J = 0, 


P*W> = 180480 + 5h = [B,B\(erR 2" «9 *) 11> 
= [RSs BBB +354 LG, 8] (273% 50 
+%ge) |IlY> 
Multiply (45) on the left by (8° to obtain 
(PoB% + Pj B°B' +m?) 1b > = 0 


PB lb> = (-F6%'-m6*)|%> - 


Now ~ a (51) into (50) to obtain 


Fo | > = Le; Ls’ 3° | ~m (3° + + on | 2 ee | 


« (8%B98" +8%9°") | IY> (52) 
7 PIY>=[e2A, + F [8289] 8° 43. a, BI 
x (3878+ 8%99")| ” (53) 
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Eq. (53) is analogous to (11) which was the free particle equation. 
Here, as for the free particle case, (53) Is not equivalent to the Kemmer 
equation (45). To find the part of the Kemmer equation which was lost 
when (53) was derived, we can multiply (52) on the left by er and 


subtract this from the Kemmer equgttion (45): 
prs!) = [-B Arima +t, [ BB] a%8" 
++, 18,81 68% [|¥> 


= (-B6 0778) — an (3°) 14D (54) 
Now subtract (54) from (45) to obtain 

é y ® ‘ 
(- 2 6°78 5 mm/B°* + 0; (2! tm) WD = 0 55 
Thus, (53) and (55) are together equivalent to (45). 


Eq. (55) may be written 

' 2. 

Rize 3 = 

By using the fact that BSB "=O , (56) can be written 

) 2 

(P [8 B° |B? -m 3° tim) |W =o) 
or 
| (2 Lee] “nn (8°) (8° +> | 1Y> = 0 (57) 

Thus, (57) is analogous to (18) for the free particle. So the two 
equations, (53) and (57), when taken together, are equivalent to the 
Kemmer equation for a particle in an electromagnetic field. 


The right side of (53) contains the term |2 ©, | which can be 
J 


written 


h- l€ 8] = | P.,-<¢A, ; Bo-e A, | 
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= Le, 2] “<A A, |-eL A, e +e TA, AL] 
= -e os A, | tc ie. A, | 


In the x-representation, 


dele, AJIv> = Lel(2,Av- AL B,) IY 
= 19, G@/A,I¥> - Arle) 2x] B14 
£8, [Au (x) Lely] —2 Ay (x) 3, 4102 
Lelv> 29, A, @® 
[0,21 = -edz]))[a, A, (x) - 9, A, (x) | 
= -vedzl¥> F,, 


where Fp ts the electromagnetic field tensor which has the following 


properties: _ 
pr a ed Puy 
RE ee EY 
ae = ae By 
where (i, j, k, cyclic) 


CAs ae = (E, Ey, E; ) 


(B, ,B, ,Bs) = (Bx, By, Ba) 


Let us now define the antisymmetric tensor operator or by the 


equation, 
[A,, & | = -1e@ Gy, 
so that 
dx) yy l¥> = Fav al Vv) 
Then (53) can now be written 
P,W>=[ eA. + ®& [BB] --. 7° 
“£8 Gy, (B%3%"+G"g”)|IV> 8) 
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The last term on the right side (58) can be symplified by using 
MRUV AT - . 
S°*B'BC=0 for AT all different: 
Gy (B7B°B’ +8" gv) 
= um: ts tage. ) 
— G, (8°76? +/3°9% ) + G30( (3° +/S 9° 
’ > ; 1 ; 
= Ho (8'° + (8% ~ (3° 73") 
tae 
= 2 & 56 (37 (3° 
where we have used (2) in the last step. 


Eq. (58) now becomes 


Ply> = (eA, + GIG? B°]-mm/3°- 6.78") I¥> (59) 
= H'IY>D 


where the operator H’ is the quantity in parentheses on the right side 


of (59). In matrix form 


eA, ao af -& i 

-@ eh, 0 0 -4% Fo 
A’ = - 0% O eA, o -s& 20 

paves O 3° eA, “5 fs 

mm O O a eA, 


We see that #’ is not neo-Hermitian, so it cannot be taken as the 
Hamiltonian. Note also that fp! is not Hermitian in the usual sense 
either, AIeROUGR in the free particle case H' was Hermitian. Since it 
is not neo-Hermitian for the same reason as H' was not neo-Hermitian in 
the free particle case, we can use the subsidiary condition (56) to 
construct a neo-Hermitian Hamiltonian in identically the same way as for 


the free particle case. Thus, the Hamiltonian for a particle in an 


electromagnetic field is given by 
/ a= z 
He B+ 5, GAS (RGB? -rnB? tm). 
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where we have used the subsidiary condition in the form (56). 
When the expression for H’ is inserted, # can be written 
H= eA,t+& B1R° aes i F388 18*- m/3°- £8 & +6 em 
In matrix form, 
eA, O oO 
-& eA, oO 
W = -P. O eA 
= ty O Oo eA 7s Coa 
yaad) oO o) 


where 
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7. Spherically Symmetric Electromagnetic Field. 


For a spherically symmetric electromagnetic field, A =O 


so 


A=ee Pt P. 33° a I BBQ 
~rn [3° -5= G50 (“per (60) 


where we have set p= A, which is the operator for the potential. 


Also, for a spherically symmetric field, 
L Gyo = [, 2 d | 
In terms of the free particle Hamiltonian H, 
a - ve A 


or in matrix form, 


ep 0 0 0 £(L tm 
ae, ef oS “£5 on 

d= |-BR o ef o ae, 
-f, O o e¢ aoe (me. 
mM oO So” ee ® 


The subsidiary condition (57) becomes identical to the free particle 


subsidiary condition when we specialize to a spherically symmetric poten- 


tial. Thus the two equations, 


PBl¢>=HI/¥> 


ane (HIB? +m) 14> =O 


where A is given by (60), are together equivalent to the Kemmer equation. 


(61) 


Recall that the subsidiary condition can be written as 


>= -S BIWD | (= 42,3) 


(62) 
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For states ly» which are eigenstates of the Hamiltonian, we can 


write the eigenvalue equation, 


AI YD = E]Y> (63) 


where E is the eigenvalue of Ph. 


in matrix form (63) may be written 


E-e 0 0 0 -£, (Bru) | |!%o 


P, Ese? | } = ar IY, > 

P, o E-eg¢ o as 20 eS O 

ie O o E-e¢ 55 Gao I%s> 

~~ O a) o E-e¢ 144 > (64) 


The top and bottom rows of (64) yield, respectively, 


(E-e9)1% > -%, (Bem?) 14) = 0 (65) 
~m|l%> + (E-e4¢)I%> =0 (66) 


If we solve (66) for ly,» and put the result Into (65) we obtain 
z a 2 
[(E-e#)*- Pvm*]I%> =O (67) 


The solutions to (67) in the x-representation are given by Schiff 
for the case of a Coulomb field, and the energy levels are found. [2]. 

Except for a normalization factor, 1% > is determined by (67). 
Eq. (66) gives ly, > in terms of 1% » , and (62) gives hea A> I# 
in terms of l4y > : 

For a Kemmer particle traveling in a spherically symmetric electro- 
magnetic potential, the angular momentum is a constant of the motion. 


This can be shown as follows, where Re is given by (35). 
’ a 7 ve i “I 
iQ=[% Hl =[%, H+ed-x8 Gio Ae | 
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We have previously shown that Ler, ; H }=0 [aso 
io = [ Ja ep - <2 Gye 38] 
i [3% ee]-<s C'0 [3 a") 
mh J h (68 
- 1% GIF : 
[Iz e¢] = ts. : eC ¢ | =O 
because g is spherically symmetric. Also, 
‘ % if o* 
Go [32 B°R | = Gye | Sz CF | 
“i tetiee)] eae) 
= 6. (AB RB - SB BA 
~ RiB"B'8* + 34°*3%8') 
= / € vo (618*B'8°- 3 23! 480") 
< Fi ay | (-a78*4' +A! ve) (om 
is [- S3B'B™ +R*9") > 


Now 


= i G, (933 B07. 9"3*/3°*) 
= +1 &, 66" +6 GBB? 


=-[P, ¢] Bee + LP alee (69) 


and i] a, 6;.|e'a" _ Ale . Go |a"a* 
= [ba (Le gen" 
= [La (Re-eh) aan 


a [ue Pleas q [ue PR ea* - 
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wo, loa Pde [xB P, By) 
[x', Py] Po- [x* Py ] P’ 
Li G'S [Boe 9° 5 i aad 


/ } 


a a) P-é 9°; P 


\\ 


Thus, (70) becomes 


: [3a C6 |A°s° = LR bspe-c Pd BiB 


—UP POA +P PCB 


a 


= /P, ¢\ee*-c[P o]oa 


(71) 
When we put (69) and (71) into (68) we see that on =iG 
Similarly Ve = ig = 0, so the angular momentum is a constant of 


the motion as required for a spherically symmetric potential. 
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8. Summary 


We may summarize the arguments for taking H and as the 
Hamiltonians as opposed to H' and 4’ (which Kemmer originally took 
to be the Hamiltonians) as follows: 

The requirement that the expectation value of an observable be 
real leads to the condition that observables be what we have called 
 "neo-Hermitian''. Neither H' nor A are neo-Hermitian, but H and be 
are. Furthermore, even if we had not introduced the requirement that 
an observable be neo-Hermi tian, 4’ still presents a difficulty since it 
is not Hermitian even in the usual sense. Finally, H yields a velocity 
Operator whose expectation value is consistent with the correspondence 


principle, while H' does not. 
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